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Scheduling in GPONs and NGPONs—The
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Abstract—Dynamic Bandwidth Allocation (DBA) is an impor-
tant problem for upstream transmission in Fiber-to-the-Home
(FTTH) systems. We propose a generalized scheduling mechanism
for bandwidth allocation with a view to dissolution of the paradox
between efficiency (utilization) and dynamism. Our scheme is
shown to work for both TDM PONs as well as hybrid TDM/WDM
PONs and pure WDM PONs as well as Next Generation PONs
(NGPONs). While conventional bandwidth scheduling schemes
pose efficiency as well as fairness issues, our proposed algorithm
overcomes these. Three extensions as part of our scheduling tech-
nique include: 1) a -out-of- scheme to increase efficiency, with
a general choice of being a performance driven parameter;
2) strategic scaling to promote dynamism and reduce bandwidth
starvation; and 3) a valuation based strategy that is uniquely
tailored to reflect different service requirements. A thorough
stochastic analysis based on a Markov-model is presented to
compute the network-wide parameters such as delay, optimality
and throughput. A detailed simulation model measures the per-
formance of our scheme for latency, dynamism, efficiency and
blocking comparing the analytical results with other techniques
for dynamic bandwidth allocation in PONs.

Index Terms—Dynamic bandwidth allocation, NGPON.

I. INTRODUCTION

F IBER-TO-THE-HOME/curb/premises (generalized as
FTTx) is soon becoming the best way of creating a

high-speed access network. Even countries and regions de-
ploying 3G/4G and other wireless technologies, are in parallel
also deploying FTTx as a way to provide coarse bandwidth
pipes to end-users. FTTx deployments though slow, due
to infrastructural costs have been steadily increasing in the
past few years. End-users in homes, offices or premises are
connected to a service provider owned Central Office (CO)
through a fiber network. The network can be inherently pas-
sive—meaning no switching within the network (optical)
transport layer [1], [3], [4] or as shown in some of the NGPON
[31] initiatives, can have active components such as wavelength
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selectable switches. A typical FTTx topology is tree-shaped,
with end-users connected to the arms of the tree (at the leaves)
and the CO situated at its center. Communication from the
CO (also called the OLT or Optical Line Terminal), to the
end-users (also called ONUs or Optical Network Units) can be
of broadcast nature in case of TDM PONs, or can be of unicast
nature, in the case of WDM PONs, and is termed downstream
communication. Conversely, upstream communication from
each of the many ONUs to the OLT, is typically unicast. For
bidirectional communication, an FTTx system uses wavelength
diversity—downstream wavelength(s) and an upstream wave-
length(s) for communication. The upstream communication is
a challenge as several (typically 32–128) ONUs time-share the
same upstream wavelength. The time-sharing mechanism in the
upstream, requires the centralized OLT to control and allocate
bandwidth to each of the ONUs. Allocation of bandwidth
(time-slots) leads to complex bandwidth allocation consider-
ations [5], [9], [11]–[17]. Bandwidth assignment schemes in
the upstream have received significant attention in the past
few years [7], [9], [10], [14], [18], [20], and protocols have
been proposed that enable dynamic (on-demand) bandwidth
assignment to ONUs [13], [15], [19]. While maximization of
throughput (or efficiency) has been one of the benchmarks of
these protocols, another aspect has been their ability to meet
service guarantees of revenue-bearing services (like voice,
IPTV, Video-on-demand, etc.). These service-guarantees often
imply adhering to requirements of latency and jitter, with the
former dominating the requirement—necessitating that the
ONUs have access to bandwidth within the time-intervals
specified by the provisioned service.
In a preliminary version of this work shown in [23], we had

proposed a basic DBA method (Section II) based on bandwidth
scheduling between ONUs. The objective of the method was
threefold: (1) to provide efficiency, (2) to meet service guaran-
tees and (3) to ensure a better likelihood for an ONU to get band-
width access in a well-loaded system.
The proposed method—called K-out-of-N scheduling—is dif-

ferent from many of the works in the literature, in the sense that
it provides a comprehensive and generalized framework for ser-
vice provisioning over a scalable GPON and is also extendable
to NGPON using a WDM+TDM overlay. In this paper, we an-
alyze the method for stochastic parameters, computing delay
at a node, delay that a packet experiences, the network effi-
ciency as a result of solving the tradeoff between dynamism and
efficiency.
We next discuss our system design in Section II. In

Section III, timing diagrams and implementation aspects
are showcased. Section IV delves into the detailed stochastic
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analysis, whereas Section V computes the optimality pa-
rameters in addition to using the stochastic results to obtain
efficiency. In Section VI, we showcase our simulation model
that extensively analyzes our scheme while also comparing
simulation results to the analytical model.

II. SYSTEM MODEL

We now consider the systemmodel that would be used for our
proposed algorithm. As shall be seen, the model is extendable
from TDM-PON to WDM/NGPON without loss of generality.

A. TDM-PON

In the case of TDM PON, we allocate a single downstream
wavelength that is broadcast to all the ONUs from the OLT.
A second wavelength is used for upstream communication,
whereby the ONUs share the bandwidth using time-slotted
access. In the -out-of- scheme, bandwidth allocation is
done every -time-slots, with all the ONUs requesting
upstream access. The OLT runs a DBA algorithm, and grants
access to the top- of the requesting ONUs. The advantage
of this approach over traditional DBA schemes is the reduction
in the number of times that the requests need to be sent to
the OLT. This results in better utilization of the upstream
bandwidth.

B. WDM-PON

To address WDM-PON, we consider the following 3 sce-
narios: (i) each ONU is allotted a dedicated upstream wave-
length, (ii) wavelengths are shared across ONUs for the
upstream communication, and (iii) a single wavelength shared
across all the ONUs for upstream communication.
Downstream communication in each of the above mentioned

cases is achieved through dedicated channels for each ONU. In
case (i) above, burst-mode receivers (at the OLT) are limited
in number (to ) for the upstream communication. It is im-
portant to conserve OLT resources and hence by allocating
burst-mode receivers, whereby we are able to conserve
OLT resources. For example by keeping to 20, in a 1000 user
(as defined by FSAN for NGPONs) network, the OLT becomes
significantly manageable. Hence, during each time-slot, only
of the ONUs can transmit simultaneously in the upstream di-
rection. Similarly, in case (ii), for the upstream communication,
only of the ONUs can transmit simultaneously over the
unique wavelengths. Finally, in case (iii), the single upstream
wavelength is time-shared between the ONUs (TDM).
Thus, in each of the above mentioned scenarios, if we can

choose of the ONUs for upstream communication in an ef-
ficient and fair manner, then we can establish the upstream com-
munication by allotting the time-slots/wavelengths to these
ONUs at a given time. It is important to note the interchange-
ability between time-slots and wavelengths, and that our scheme
supports both, thereby paving a seamless mechanism for both
TDM and NGPONs.

C. System Model

Further to the discussion in Section II.B, we now define our
system to be able to choose out of ONUs in each round
(defined in Section III). A list of the important conventions used

TABLE I
IMPORTANT NOMENCLATURE USED IN THE PAPER

is defined in Table I in addition to the same being reproduced
below.
An -node time-slotted system with various service

classes from the universal set of services as defined by
is considered. We define as the

duration of each data time-slot. We define two-types of trans-
mission slots—regular data-slots of duration 150 s (defined
as ) and smaller overhead-slots of duration 0.064 s .
Each node in the network comprises of input buffers,
represented by . We are interested in the
system dynamics at a node at time (eventually gener-
alized to a steady state). Each service arrival is characterized
as a Poisson-arrival process. Let be the arrival rate of
service requests of type and be the size of the buffer
consisting of requests of type at node .
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Fig. 1. (a) -out-of- protocol for and . (b) Flowchart of the protocol at the ONU. (c) Time-wise description of the -out-of- protocol.

Let the buffer size (in terms of number of packets) at be
denoted as . Further, let each of the
-ONUs have a buffer of maximum value . Assuming

independence, denotes the effective arrival rate
at .
Let denote the maximum tolerable delay

of each service class, whereas denotes the
time interval within which the packet corresponding to the th
service request must be serviced after its arrival at . Let
denote the absolute arrival time of the th packet at . Further,

denotes the time elapsed since the arrival of the th service
packet at .
For a node, we address the interval between its two consec-

utive wins as a scheduling round. Given the recursive behavior

of a generic scheduling round the complexity involved in the
stochastic computation is immense. We hence break the sched-
uling rounds into two parts—the first round and then based on
the first round, the generic round, both of whose parameters are
computed in Section IV. We assume that if a node has won a
slot then at the end of this slot its buffer is empty, except for the
requests that arrived within this slot.

III. THE K-OUT-OF-N TECHNIQUE

To provision services and maximize efficiency we propose
a -out-of- scheduling technique for bandwidth assignment
in PONs. In this technique, time is divided into scheduling
rounds, each of which has a data period and a control period
(see Fig. 1(a)–(c)). In the data period, there are -upstream
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transmissions, followed by control slots in which nodes send
their requests as valuations. The -ONUs send valuations in
these control slots to the OLT. The OLT acts as an arbiter,
and selects the top valuations. The corresponding nodes
(that sent the top- valuations) transmit in the next slots.
The novelty of this technique is in the engineering aspect of
the scheduling process, computation of valuations, enabling
service provisioning thus resulting in an efficient allocation
algorithm (Fig. 1(c)).
The first factor of consideration is that of service provi-

sioning. Our contribution is in the linear transformation of
bandwidth requests (both quantitatively and qualitatively)
into numerical valuations that enable the network to allocate
bandwidth in an efficient manner—maximizing network-wide
utilization and meeting the needs of an ONU.
For an -node network, assigning bandwidth based on

the classical DBA schemes, is significantly inefficient, as the
OLT has to receive valuations and then allocate bandwidth
to the ONU that sends the highest valuation. Here we pro-
pose the -out-of- method to increase the efficiency while
maintaining service guarantees. The choice of represents a
trade-off—a higher value indicating a better utilized (efficient)
system, while a lower value indicates lesser delay.
A second factor that we consider is that of fairness [6] with

the notion of node-starvation, i.e., facilitating nodes with ser-
vices that are lower quality to reserve bandwidth. We address
this issue by extending the bandwidth scheduling method using
a strategic scaling scheme. A node submits a valuation which
is defined as its bandwidth request in addition to a scaling
factor that increases the success of a starved node (either itself
or someone else). The scaling factor attempts to smoothen
the difference between the node’s valuation and a threshold
valuation—corresponding to the lowest winning node (that was
awarded bandwidth in the previous iteration) amongst the
successful nodes.
Protocol Working: Communication in the upstream direction

is done in rounds, where each round has two phases—a valua-
tion-collection phase (control period) followed by a data-trans-
mission phase (data period) (as shown in Fig. 1(a)–(b)). The
OLT sends a request message just prior to the beginning of a
valuation-collection phase, and in response, each ONU (in a
pre-defined sequence, decided during ONU discovery phase)
sends its valuation (in the valuation-collection phase) to the
OLT. From the -valuations that the OLT receives, it selects a
group of ONUs (corresponding to the -highest valuations)
and informs (all the nodes) of the selected ONUs (Fig. 1(c)).
The selected ONUs transmit their data in time-slots within the
data-transmission phase. For efficient performance, we assume
that valuation-collection and data-transmission are interleaved
(see Fig. 1(a)–(c)), as well as assume that the valuation-collec-
tion phase translates to data-transmission in the next round of
communication (Fig. 1(a)). Valuation computation reflects the
requirement of the node’s bandwidth in terms of provisioning
services with different arrival rates and different service param-
eters. The choice of determines the efficiency of the protocol.
As a node is allotted a time-slot for transmission, its buffer

is emptied based on the following scheme: If the valuation of
the winning node was dominated by buffer occupancy, then its
buffer is emptied in the decreasing order of its occupancies with
respect to the different services, whereas, if the winning utility

value was dominated by the service criticality at the node, the
node’s buffer is emptied according to an Earliest-Deadline-First
(EDF) discipline [28].
We now discuss the three sub-methods for dynamic allocation

of bandwidth in the upstream direction:

A. Scheduling Mechanism

To meet the critical requirements of services it is important
that the valuation sent by an ONU to the OLT, be a true repre-
sentation of the requirement of the bandwidth for that ONU. The
valuations are computed based on the packets that arrive at the
ONU from the end-users. For appropriate service guarantees,
valuations must reflect two kinds of traffic parameters—the av-
erage rate at which the packets arrive (from clients/end-users)
into the ONUs (buffer occupancies) and the maximum allow-
able latencies of packets (of different services) that can wait in
the ONU buffer. While the former is called buffer occupancy
ratio (fraction of the buffer occupied), the latter is termed as ser-
vice desperation defined as a parameter that denotes how crit-
ical is it for an ONU to receive a transmission slot before its
packets are dropped because its corresponding maximum toler-
able delay limit was reached [2].

B. -out-of- Auctioning

The problem with generic scheduling mechanisms is the
associated overhead i.e., for every data-slot in the upstream
direction, each of the ONUs must submit their requests
(with each request being separated by a guard-band time
), resulting in poor efficiency. To increase the efficiency

of our scheduling algorithm, we propose a modification—the
-out-of- scheme—in which nodes submit their valua-

tions, and the OLT allocates bandwidth to ONUs
for transmission in the next consecutive time-slots. By
effectively choosing , we argue that the efficiency is im-
proved while the services are appropriately provisioned (within
respective delay bounds). Note that as the value of increases
towards , the latency suffers.
Buffer occupancy is denoted by

(1)

Note that the buffer occupancy ratio is bounded in [0, 1].
Next, we compute the service-desperation component.We set

a timer at ONU , whose value indicates the time elapsed
since the ONU was last allocated bandwidth. Let represent
the value of time elapsed since the first packet of service type
entered the buffer at ONU and awaiting transmission. We

now define delay-tolerance at a node as

(2)

Delay tolerance represents the maximum amount of
time that ONU can wait before it must be serviced, else a
packet in its buffer will be timed-out.We compute ONU service-
desperation as

(3)
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Note, that (3) is bounded in [0, 1]. From (1) and (3), we com-
pute the valuation that an ONU sends to the OLT as

(4)

The value of is bounded in the interval [0, 1]. Of the
two quantities, buffer occupancy ratio and service desperation,
the one with a larger value is passed as the valuation. However,
the method has two associated problems. First, for every data-
slot, we would require ONUs to transmit their valuation to
the OLT resulting in an upstream efficiency of

(5)

As the value of increases, the efficiency decreases substan-
tially, resulting in poor throughput. In contrast, a larger choice
of results in higher experienced latency.
Second, though the valuation mechanism enables nodes to

truly reflect their bandwidth needs, the average delay between
successive transmissions of ONUs is proportional to the service
requirement. This means that ONUs with heavier flows of a par-
ticular service type will have a lesser average latency (for that
service), than for ONUswith finer flows of the same provisioned
service leading to issues of fairness.
The issue of efficiency is solved by the -out-of- scheme.

For the chosen nodes to transmit in the upstream, the data-
transmission phase constitutes of data-slots (with interleaved
guard bands). The efficiency of such a system is therefore

(6)

Remark: As increases, the value of efficiency in (6) in-
creases more than that in (5) for similar values of .
Now consider the choice of . While choosing a large value

for the efficiency of such a system would be high, while the
corresponding average latency experienced is also high (more
time between two consecutive transmissions for a particular
node). Conversely, a smaller value of means that the average
latency experienced would be low, though the efficiency of the
system would also be low. An optimal analysis is presented
in Section IV.

C. Strategic Scaling

Adhering to service provisioning (catering to delay bounds)
and maximizing efficiency have an effect on the fairness in
PONs. The effect is severe for nodes with lower quality ser-
vices or lower arrival rates. The group of can be viewed as
an elite group whose membership can be privileged to selective
bandwidth-hungry nodes, especially those with large (bursty)
traffic needs. Also nodes with lower arrival rates may not be able
to be a part of this group leading to bandwidth starvation. To
avoid bandwidth starvation, we further enhance the -out-of-
scheme by strategic scaling.
In the system, for any given round we have two groups of

ONUs— ONUs that have been allocated bandwidth, and
ONUs that have not been allocated bandwidth (refer

Fig. 2). The strategy is to positively scale those valuations of
the ONUs, which were in the group of in the previous
round, and negatively scale the valuations of the ONUs which
were in the group of in the previous round. The amount of

Fig. 2. Strategic Scaling.

scaling is determined by the distance of the ONU’s valuation
from the threshold ( th maximum valuation) in the previous
round. This implies that the node with the highest valuation
(in the previous round) witnesses maximum negative scaling,
while a node whose valuation was the lowest in the previous
round, receives maximum (positive) benefit from this scaling.
This circulatory behavior of nodes between the two groups act
as a protection against bandwidth starvation resulting in nodes
with lower bandwidth needs still being able to have lower
latencies.
We introduce a scaling strategy that facilitates dynamism and

also prevents bandwidth starvation. Namely, an ONU scales its
valuation by a factor (that either enhances or lowers its valua-
tion) depending on its past valuation history. As an example, an
ONU that is part of the group of in the th round will scale
its valuation in the th round by a lowering factor (i.e.,
multiply its valuation by , where is a fraction). Like-
wise, an ONU in the group of in the th round would
enhance its valuation in the th round by multiplying its
valuation by .
The scaling of valuations based on their position viz-a-viz

the group-of- , is a strategy that the ONUs use to improve
their expected average delay as well as make the system more
dynamic (without compromising efficiency of the -out-of-
technique).
For the th round let us denote the lowest valuation in the

group of as which implies that all the ONUs
corresponding to valuations lesser than were
then in the group of . We call as the
threshold. In the th scheduling round, an ONU strategically
scales its true valuation with the threshold in the previous round
and this is given by:

(7)

Through simulation and analysis, we see that the dynamism
exhibited by the system results in an overall improvement of
latency for ONUs.

IV. STOCHASTIC MODEL FOR SCHEDULING ALGORITHM

A. Preamble

The -out-of- technique presented in the previous section
solves the paradox between delay and efficiency. From an ana-
lytical perspective, our interest is to compute (1) the maximum
efficiency achieved while meeting the permissible latency re-
quirements for a particular value of and (2) to compute the
value of that provides the maximum efficiency while sub-
scribing to the service delay parameters. To this end, a stochastic
model is now developed and presented.



2880 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 29, NO. 19, OCTOBER 1, 2011

Themodel first involves computing delay which is further de-
pendent on the computation of the probability of success for a
node, with the assumption of services (like voice, video, data,
etc. along with their associated latency requirements). The com-
putation of probability of success is complex as it involves a
recursive (in time domain) computation of the probabilities of
dependent random variables due to the reliance of the success
probability on the past state of the system. Recall that the val-
uation a node sends in round (from (7)) depends on: (1) its
position (amongst the nodes) in round , and (2) the
valuation of other nodes in the previous round, as well as in the
current round. Once we compute the success probability, we are
able to apply the same for delay computation. Our desire is to
compute: (1) the delay that a node experiences, given the traffic
profiles (arrival rates, latency needs) and (2) the delay that a
packet experiences once it enters a node. The first delay com-
putation is an extension of the probability of success of a node
summed over the round time, while the second delay computa-
tion involves a more detailed analysis. We identify six mutually
exclusive and exhaustive scenarios of a packet arriving at an
ONU before being granted transmission rights. To this end, we
begin with the computation of the probability of success of an
ONU, given the system model in Section III.

B. Probability of Success of an ONU in the -out-of-
Scheme

We analyze the algorithm by first considering the computa-
tion of probability of success for an ONU. This process is com-
plex given the multiple dependencies of the associated random
variables. Hence, this is simplified as: (1) the computation at
the startup of the system and then (2) a generic state. For the
generic state, a Markov model is developed whose steady state
probabilities are of interest to us, leading to the computation of
the success probabilities at an ONU. As an ONU wins a trans-
mission slot, we define the interval between its two consecutive
wins as a scheduling round for that ONU.
Note: The analysis in this paper is a generalization of our work
in [30]. In particular, the bandwidth allocation algorithm in [30]
is executed for one slot at a time. However, in this paper, we
run the scheduling algorithm once every slots. Hence, the
analysis in [30] and this paper though similar for the first sched-
uling round, differ significantly for the generic round. Only for

, our analysis in this paper reduces to that of [30], how-
ever in practice, this is never the case and hence this analysis is
unique to the K-out-of-N scheme.
Analysis of the First Scheduling Round: Referring to

the system model in Section III, we define,
comprising of all valid requests at

ONU at time . Thus

(8)

where . Hence, the valuation of for time-slot
reduces to the equation shown at the bottom of the page,

where is the buffer size. Amongst all the valid requests
at at time , we define the earliest arrival time across all
the services as . In addition, the
earliest instant that a packet is timed-out is

. We require the joint distribution function of
, and to compute success probability.

Using (8) and rearranging, we get

(9)

First, consider the second term of (9). From the definition of
and , we state (10), shown at the bottom of the page.

The arrival time of the th service request at viz.,
varies in the interval , given that the request belongs
to the service class . We divide this interval into two non-
overlapping sub-intervals, based on (10), corresponding to the
th service request arrival at that belongs to as follows.
This is also illustrated in Fig. 3.

(10)
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Fig. 3. Illustrating definition of and .

Note that for all values of and , we get valid and
intervals. Let us also consider the following events at :

The th service request at will not time-out till , if it
arrives in either one of these intervals: or . Hence, any
request that arrived in either of these intervals will belong to

. Thus, and simplifies to

We define the event . Hence

Also
. We now solve for the individual

terms of this expression as follows:

where

(11)

where denotes the cardinality operator, i.e.,
and .

Further,

(12)

Using (11) and (12), we solve for the second term in (9),
shown in (13) at the bottom of the page.
Similarly, we solve for the first term in (9) as shown

in (14) at the bottom of the page, where

and thus
. Further, substituting (13)–(14) in (9),

we get (15), shown at the bottom of the next page.
Probability Distribution Function (pdf) of Valuation at an

ONU: Using (15), we compute the pdf of the valuation of as

(16)

Probability of Success in the First Round: We denote
the probability of an ONU winning a time-slot in the
next batch of time-slots for transmission amongst all the
competing nodes at steady state, as , i.e., probability
of success of at time . For each ONU , we de-
fine the maximum valuation across all nodes except as

(13)

(14)
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. Given that the utilities of
different nodes over the network are independent, the distribu-
tion function of is

The probability of success of at time is given by

The distributions of and are independent since
the computation of valuation at a node is affected only by local
factors like arrival rates, buffer occupancies and delay stringen-
cies and is not affected by other nodes in the network. Hence,

. We thus obtain

(17)

Generic Scheduling Round: We now extend the above anal-
ysis to the generic scheduling round. We assume that if a node
has won slot , then at the end of this slot, its buffer is emptied
except for the packets that arrive during slot . This assump-
tion allows us to say that if all slots have the same duration,
then we need the probability distribution of the valuation at the
penultimate slot in each batch (round) of slots, given that the
changes are only at these batch boundaries.
For a particular node we define as the time interval from

an arbitrary point in the past to the present slot with the
following properties.
1) At time , the buffer at was empty.
2) In has not been granted any slots.
We note that the scaled valuation— —is an unbounded

real number, implying that a Markov chain would lead to a de-
numerable state space. To avoid such an occurrence, we restrict
the value of our scaled valuation to between 0 and 1 till its 5th
decimal place. To this end, in addition to the above-mentioned
assumptions, we make the following assumptions.
1) is constrained to values between 0 and 1. If it
crosses either bound its value is taken to be that bound,
i.e.,

2) In case of a tie, where all valuations are non-zero, the slot
is allotted randomly.

3) If all the valuations are zero, the first slots are
granted to nodes to 1 in that order and the th
slot is granted to the th node.

Given the assumption regarding the empty buffers after each
transmission, this process is modeled as a Markov chain on a
non-denumerable state space. The state space of the system
thus consists of (a) the successful transmitting node in the cur-
rent time-slot, (b) information about the duration passed since
each node received a transmission slot in the past, and (c) the
knowledge of the valuations by all nodes for the next batch of
slots. A state in this chain is thus a 3-tuple , where

and
and defined over the last slot out of each batch of slots, as
follows.
1) , such that

and i.e., for each of the last slots
in the current batch of K slots, a unique node has won each
slot.

2) Remaining may be any integer between and
, i.e., their last winning slot was

not part of the current round.
3) at the beginning of this slot.
Let be a

state of the system belonging to the state space . We define
the transformation as

, where we define
the following properties:

(p1) , where
index of the th largest component of

(p2) If .
(p3) For all other indexes .
(p4) th largest component in .
(p5) which signifies that the

.
We next derive the one-step transition probabilities from

to . In the trivial case, where these two
states are not connected by the transformation , the transition
probability is 0, i.e., , whereas,
for the non-trivial case, using (16) for the pdf of the
transition probabilities are given by

(15)
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where

Steady State Analysis of Markov Chain: Consider the state
,

which denotes the state reached when the valuations at all the
nodes remain 0 for consecutive rounds. Given the construc-
tion of , it is trivially reachable from all states in , and is hence
recurrent. Further, starting from , as there is a non-zero prob-
ability that the system will return to the same state in a batch
of time-slots, is aperiodic. Denote by the set of all states
that are reachable from . Since is recurrent, will be an irre-
ducible subset of . Also, since one state in is recurrent and
aperiodic, all its states are recurrent and aperiodic [25]. Further,
because is finite, all its states are recurrent, non-null aperiodic
[29]. To study the state of the system in the limit as , we
only need to consider the set of all recurrent states, which we
claim is .
Lemma 1: A state in this system (as described above) is re-

current if and only if it belongs to .
Proof: For any state , there is a non-zero probability

that it will reach i.e., . From , the chances of re-
turning to are 0 as . Hence, the probability of eventually
returning to from is not 1, i.e., .
This means that in the transition matrix we only need to con-

sider the states from and evaluate its steady state probabilities.
All the states in are transient and thus ignored for a steady state
analysis. Note that is recurrent, non-null, aperiodic, and that
every state in is mutually reachable from every other state via
. Hence, the stationary state probabilities are the limiting prob-
abilities and they are independent of the initial state [29]. Below,
we state an explicit characterization of the states in .
Lemma 2: Any state in is of the form

,

where in addition to the properties p1 to p5 (stated while
defining the transformation ), the following property also
holds true:

(p6)

Proof: By induction on the number of steps (transforma-
tions) to reach a state from .
Base Case: One step from . By the definition of the transfor-

mation , because none of the less than are repeated in ,
there will be no such repetitions in all the states reachable from
by a single transformation.
Induction Hypothesis: All states that are reachable from by

less than steps satisfy the above property.
Induction Step: Consider a state which is reachable from

after steps. In the sequence of states from to the state
which immediately precedes will satisfy the above property,
by the hypothesis. Hence, by the definition of the transforma-
tion, will also satisfy the same property.
Lemma 3: All states in satisfying the property (p6) (as

stated in Lemma 2) are reachable from .
Proof: Let be a state in satisfying proper-

ties p1–p6. We will prove by induction (on the number of com-
ponents of greater than and less than ) that all the
states of the form are reachable from .
Base Case: has exactly one component that is greater than

and less than . Let this component be . Without
loss of generality, we assume

, and . Thus, we can reach from
using the following sequence of transformations as shown at
the bottom of the page.
Induction Hypothesis: If is a state with exactly of the

components of its first vector less than and greater than
then is reachable from .
Induction step: Let be a state in satisfying

properties p1–p6 and exactly components of are
greater than and less than . Let these compo-
nents be . Without loss of generality, we
assume , and

. Let be the smallest
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such component. Then by the induction hypothesis, the state
is reachable from , where

Further, if the nodes that transmit in the round, in keep
being allocated the next rounds, in the same relative order, we
shall reach . Thus

Once we have the stationary state probabilities by solving the
linear system, we can find the probability of success i.e., the
probability that a node will be one of nodes that is allotted
a slot in the next auction by summing up the stationary-state
probabilities across all states, where . The
probability of success would then be given by

(18)

where and denote the set of all valid vectors and
respectively.

C. Packet Delay

We now compute the expected delay experienced by a packet
as it arrives at a node. We define various events that affect the
delay that are instructive in our analysis:

Succ: Event of a node winning a slot for transmission
in the next round.

: Event of a node losing all the slots in the next
transmission round.

EB: Event of a buffer at a node being empty.

NEB: Event of a buffer at a node being non-empty.

: Event of a packet arriving within the th slot in a
round, where .

: Event of a node winning th slot for transmission
in a round, given Succ, where .

Tr: Event of a packet being transmitted in the same
round in which it arrived.

denotes the average number of rounds that needs to
win a slot. is computed using an arithmetic-geometric pro-
gression (AGP) from the probability of success (in (18)) and the
associated probability of failure to win a slot multiplied by the
round number under consideration. This is solved as follows:

(19)

A packet that just arrived finds the buffer at empty, if (1)
no packets arrived in its buffer since the start of the system or
(2) the buffer size of was less than , just before its
last transmission and no packet arrived in its buffer since then

(20)

where denotes the incomplete gamma function [27], and
denotes the floor operator. Further, the probability that the

arriving packet finds the buffer at the node non-empty is given
by

(21)

The tree diagram in Fig. 4 classifies the various possible sce-
narios depending on the aforementioned events. The first event
Succ has an associated probability that is given by

(22)

Now, with exponential arrivals in a slotted departure system,
an arrival is equally likely to occur in any of the slots in a
round [28]. Hence

(23)

To calculate the probability of the event , we note that for
a node that wins a slot, it is equally likely to be assigned any of
the slots in the round

(24)

We next compute the average delay involved in each of
the cases listed in Fig. 4 and their respective probabilities of
occurrence.
Arrivals at a Non-Empty Queue: We first consider the cases

when a packet arriving at a node finds the buffer non-empty.
Note that the maximum number of packets that can be trans-
mitted in a slot is .

Case : Shown in Fig. 5 is the case, where a packet of
service type arrives in a non-empty buffer and the node has
not been allocated any slots in the present round. This event is
denoted as and is represented as

(25)
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Fig. 4. Tree diagram listing the various scenarios.

Fig. 5. Case .

Hence, the probability of this case is

(26)

After the arrival of the new packet, the total number of
packets in the corresponding buffer is . Hence,
the packet under consideration will be transmitted in the

successful slot for . For simplicity, let
. Since, the node

gets one slot in rounds, this packet will be transmitted in the
th round.

Further, as the packet does not get transmitted in the current
round, it has to wait for an average amount of time
before the next round begins. Additionally, it has to wait for
a period of in each of the intermediate rounds.
Hence, the total expected delay is

Further, .
Thus, the total delay for a given packet is

. However, considering the time-out values of
various different services and averaging these over all the
services types, the expected delay is

(27)

Fig. 6. Case .

Fig. 7. Case .

Case : In this case, a packet arrives at node with
non-empty buffer as shown in Fig. 6. The node wins a slot in
the current round and the packet is not transmitted because the
winning slot was scheduled before the arrival of the packet in
the same round. The event for case is shown in Fig. 6 and this
is denoted as

(28)

where signifies the event that the packet was not transmitted
in the current round. This event probability is

(29)

Note, for this case, . Since the transmission slot
of the node has already passed before the arrival of the packet,
this case reduces to , whereby the average delay is

(30)

Case : In this case, a packet arriving at finds a non-
empty buffer. The node wins a slot scheduled after the arrival of
the packet, while the packet is not transmitted in the same round
due to large number of packets queued ahead of it, in the buffer.
This is shown in Fig. 7 and represented in (30)

(31)

This can occur only if . Thus,
, which is evaluated using the cdf of .

Hence, probability of occurrence of this case is

(32)
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Fig. 8. Case .

This case is similar to , with the exception that in this case
the node transmits the first packets in its buffer in the
current round itself. Thereby reducing the delay for the current
packet by the waiting time to get one slot, which is

. Hence, in a similar manner as in (27), the expected
delay is

(33)

Case : In this case, a packet arrives at node with
a non-empty buffer. The node wins a slot and the packet gets
transmitted in the same round. This is shown in Fig. 8 and rep-
resented in (34)

(34)

This represents that a packet arrives in the th slot, and the
node has won one of the remaining slots in the current round.
The packet is now transmitted in this winning slot (as show in
Fig. 8). For the packet under consideration to get transmitted in
the current round, . Hence

(35)

Let the packet arrive in slot and get transmitted in slot
. Thus, the delay is , where , which follows

a uniform distribution in i.e., . Hence, the
delay will be . Thus

(36)

Arrivals at an Empty Queue: Now we consider the case
when a packet arrives at a node and the buffer is empty.
Case : In this case, a packet arrives at node with an

empty buffer. The node wins a slot and the packet gets trans-
mitted in the same round. This case can only happen when all

Fig. 9. Case .

Fig. 10. Case .

the nodes have empty buffers i.e., at start up. This is shown in
Fig. 9 and represented as

(37)

Here note that . The probability of this case is

(38)

Since the average delay computation in this case is same as

(39)

Case : In this case, a packet arrives at node with an
empty buffer and the node does not win any slots in the same
round. This is shown in Fig. 10 and represented in (40)

(40)

Hence, the probability of this case is

(41)

To get a winning slot, it has to wait for rounds. The delay in
this case is and the expected delay
will be:

(42)
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Hence, using (25)–(42), the expression for the expected delay
at a node is given by

(43)

V. EFFICIENCY AND OPTIMAL ANALYSIS

In this Section, we compute the network-wide efficiency and
optimal value for for a given network. The network utiliza-
tion in each round is determined by the fraction of time during
which packets are transmitted over the optical fiber in the up-
stream direction. Let denote the time duration for which a
winning node transmits packets in its given time slot. Then

(44)

(45)

Equation (44) is evaluated using the pdf of from (15).
Note that is a function of the random variable . Using (6),
network efficiency is thus

(46)

where is the expected value of slot utilization.
The choice of provides a tradeoff between network-wide

efficiency and the average delay experienced by any node in the
network. The computation of optimal can be approximated to
a non-convex optimization process as one of the two parameters
(delay) is concave. Since this sort of optimization is hard, we
introduce an approximation. Instead of considering parameters
of a large number of services at a node, we approximate by
considering only one service type at every node—the one whose
delay requirement is most stringent.
Approximating (45), the efficiency of the network is given by

(47)

Ensuring that the latency of the network does not exceed
some upper bound , it results in the following inequality:

(48)

Further, considering the network-wide behavior we substitute
by its expected value, , resulting in

(49)

Eliminating between (47) and (49), we have

(50)

Thus the optimal value of is a function of the maximum
achievable network-wide efficiency and is given by

(51)

VI. PERFORMANCE AND SIMULATION

To evaluate the performance of our protocol, we de-
veloped a GE-PON discrete event simulation model with

ONUs. Each ONU is assumed to have
a buffer of maximum capacity 5 MB for upstream transmission
as per contemporary ONU technology [24].
The traffic arriving at an ONU is assumed to be a mixture of

voice, video and data services in the ratio 30:10:60. Video and
data traffic is generated by separate Pareto sources with Hurst
parameter 0.8 and voice traffic is assumed to be generated by a
Poisson source. The protocol data unit (PDU) being measured
is that of Ethernet frames, with exponentially distributed sizes
between 64–1500 bytes. The duration of the guard-band is as-
sumed as 5 s and that of the data-slot to be 150 s. If a frame
is larger than the data-slot, then it is made to “fit” into the data
slot by fragmenting the same into multiple Ethernet frames and
adding a corresponding header. The size of the valuation frame
is fixed to s. The physical layer uses 8b/10b
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Fig. 11. Bandwidth utilization at different network loads for different values
of with .

Fig. 12. Average Delay (in sec) for and different values of .

encoding and hence reaches 1.25 Gbps capacity for GEPON,
and 64/66b encoding for 10GE-PON.
To study the performance of the -out-of- scheduling tech-

nique with strategic scaling, we conducted simulation for dif-
ferent values of and . The idea was to compute utilization
and delay as a function of load for the different values of and
. We also compute blocking probability as a function of load.

We compare the performance of our system with a well-known
algorithm—IPACT [5], [14]. Finally, we compare our system
for 10GE-PON using our proposed algorithm with 10GE-PON
(both upstream and downstream) as well as showcase results for
NGPON with WDM PON architecture.
Load is computed as the ratio of the total arrival rate at all

ONUs in unit time to the total (net) capacity of the system (1
Gbps/10 Gbps) [32]. Hence, load is normalized to values in the
range [0, 1]. Efficiency is computed as the ratio of the net time
the system transmits data to the total time required for this trans-
mission (inclusive of overhead guard-bands and time required
for sending valuations). Blocking probability is computed as the
number of packets dropped to those totally generated by the
ONUs. The simulation was conducted till steady-state values
of blocking probability and efficiency were obtained.
Shown in Fig. 11 through 13 are the delay, throughput and

blocking probability plots for our proposed algorithm in a
16-node network.
The primary difference between the results shown in [23] and

this paper is the addition of the -OPT values as well as the
inclusion of the NGPON simulation. We obtained the -OPT
values (optimal values) by using the analytical results shown
earlier in Section IV. The key feature to note is that the -OPT
values lead to an excellent trade-off between utilization, delay
and blocking. It is hence correct to summarize that by keeping

-OPT we are able to achieve good utilization at an ac-
ceptable delay and with low-blocking.

Fig. 13. Blocking probability for and different values of .

Fig. 14. Bandwidth utilization at different network loads for different values
of with .

Shown in Fig. 14–16 are the corresponding plots for a 32 node
network. The utilization for the case of and different
values of are shown in Fig. 14. From the graph it is evident
that utilization increases with for a given and as a function
of network load. This is in accordance with the -out-of- so-
lution proposed in Section II to improve the efficiency as com-
pared to a simplistic auction with . Further, Fig. 15 shows
average delay for for different values of . The average
delay increases with an increase in at higher loads. This is be-
cause a higher value of implies a larger time for a round and
hence a losing ONU has to wait for longer duration to transmit
in the next successful round. However, this analysis does not
hold true for the case of as the number of packets that
timeout is more, and these do not add to delay computation. The
-OPT value for is 5 nodes. The optimal value here

gives a high utilization while maintaining acceptable delay and
giving an exceptionally low blocking probability.
We provide average delay comparison of our scheduling tech-

nique with the constant credit variant of IPACT protocol for 16
ONUs in Fig. 17. The average delay measurements were taken
from [5]. At higher loads our protocol outperforms IPACT. Our
protocol has better efficiency (for all loads) due to -out-of- ,
as opposed to as seen in the IPACT protocol. Our results
are also significantly better than those for IPACT for larger net-
work sizes, but not shown here since IPACT performance was
measured for 16 ONUs as shown in [5].
Shown in Fig. 18 is a comparison of IPACT with our pro-

tocol as a function of throughput. Naturally the -by- scheme
outperforms the IPACT scheme as we have better utilization.
This is primarily because, in IPACT, the scheduling round has a
single ONU transmission, while in our scheme, the there are
transmissions per cycle, implying that we make best use of the
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Fig. 15. Average Delay (in sec) for and different values of .

Fig. 16. Blocking probability for and different values of .

Fig. 17. Average delay comparison of -out-of- and IPACT for 16-ONUs
for logarithmic scale (above) and linear scale (below).

cycle in transmitting actual data. Secondly, IPACT does not take
into consideration latency sensitive services. While one may
argue that tokens in the IPACT scheme can be allocated based
on latency needs—this allocation is at best only static. IPACT
does not propose any latency sensitive features, while the prin-
ciple premise of our scheme is based on latency sensitivity. We
compared in Fig. 16 both the optimal values of for 32 nodes
and 64 nodes. IPACTwas compared for 32 nodes and not shown
for 64 nodes as the performance betterment was only marginal.
It should be noted that our protocol outperforms IPACT by at

Fig. 18. Comparison of IPACT with for 32 and 64 ONUs—throughput
comparison.

Fig. 19. case, Average delay.

Fig. 20. case, Utilization.

Fig. 21. case. Blocking Probability.

least 20% on an average and by 32% at the maximum separa-
tion point. It is also interesting to note that at high-loads (above
0.7), performance saturates thus making it more predictable.
Shown in Fig. 19–through–22 are average delay, utilization

and blocking probability results for -out-of- protocol for
, and . The protocol performs as expected

within 10–20% simulation error. There is a worst case devi-
ation of 10% from the above statement—which is within ex-
perimental error. Many DBA algorithms in PONs begin to give
worse results as increases. However, our technique does quite
the reverse. In fact, our results (utilization wise) are best for

followed by and so on. This shows stability
and of the scheduling technique.
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Fig. 22. case, Average delay.

Fig. 23. case, Utilization.

Fig. 24. case. Blocking Probability.

Finally, shown in Fig. 25 is the delay and utilization
(throughput) profiles for 32, 64, and 128 node system in a
10GEPON network. This network was simulated in accordance
with the standard [24]. We demonstrate in Fig. 25 how our
proposed algorithm scales for the 10GE-PON network from
both a delay, as well as throughput perspective. In fact, the
throughput in the 10GE-PON system is much better than the
1GE-PON system using our algorithm. Further, the 128-node
case has better results than the 64 and 32 node cases, as ex-
pected for our technique. Delay at high-loads is however quite
high—goes almost to 1 second and this is because of the large
buffer—almost 50 Mb chosen leading to less packets being
dropped—as the cost of delay.
Simulations for NGPON-2: In the NGPON2 models, we as-

sume upstream wavelengths to be time-shared between
users . Our focus is to find the performance of such
a system from delay and packet drop perspectives. We also in-
vestigate if the optimal value in GPON is valid for NGPON2.
All the simulation settings are assumed to be identical as in the
GEPON case. The ONUs are assumed to have tunable lasers and
the time to tune a laser is assumed to be an integral multiple of
the guard-band time-slot-width [33]. Shown in Fig. 26 are the
delay computations for NGPON2. Naturally the NGPON2 de-
lays are much lesser than GEPON—however even with wave-
length sharing ( out of wavelengths being shared), the

Fig. 25. Delay (above) and throughput (below) for 10GE-PON for 32, 64, and
128 nodes with values.

Fig. 26. Delay for NGPON2 as a function of Load.

Fig. 27. Utilization for NGPON2 as a function of Load.

delay does not increase exponentially—as would be intuitively
expected. Shown in Fig. 27 is the corresponding utilization for
NGPON2 as a function of load for different values of . Note
that the utilization is best for optimal . This is counter-intu-
itive and can be explained as follows: for optimal —there is a
slot/wavelength available exactly at the time when the buffer is
getting filled to the brim, or the services are being timed out—re-
sulting in very good utilization of the slot/wavelength.
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VII. CONCLUSION

In this paper, we proposed and investigated a novel
-out-of- protocol for dynamic bandwidth allocation in

Next Generation PON networks. The proposed protocol is
novel on three accounts: it provides higher efficiency, provides
intuitive fairness and enables a logical (true) representation of
bandwidth allocation in terms of ONU service requests. The
proposed protocol hence is fair, and lowers average latency
while enabling excellent network utilization. The protocol is
evaluated through a rigorous stochastic model. The protocol
provides for a generic framework for any DBA algorithms in
GPON and NGPON systems. The stochastic model leads to
delay and optimal bounds and these are key to evaluating the
performance of the proposed protocol. The optimal value is
also computed. To further understand the protocol a simulation
model for different sized networks is built and rigorous simula-
tion results are presented. We see that the choice of leads to
a trade-off; larger the value of , better the network efficiency,
but worse the average latency expected on a network-wide
basis.
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